In this paper, we derive the expression for spectral dimension using a modified diffusion equation in the kappa-deformed space-time. We start with the Beltrami-Laplace operator in the kappa-Minkowski spacetime and obtain the deformed diffusion equation. From the solution of this deformed diffusion equation, we calculate the spectral dimension which depends on the deformation parameter 'a' and also on an integer 'k', apart from the topological dimension. Using this, we show that, for large diffusion times the spectral dimension approaches the usual topological dimension where as spectral dimension diverges to +∞ for k ≥ 0 and −∞ for k < 0 at high energies . 
INTRODUCTION
The dimension is a fundamental characteristic property of the space that describes the degrees of freedom experienced by a particle living in that space. Recent works trying to unravel the quantum structure of the space-time have accumulated evidences suggesting that the dimension of space-time is a function of the probe scale [1] [2] [3] [4] [5] [6] [7] [8] [9] . Further, it has been shown that the dimension of space-time reduces from its topological dimension in some models, while in certain other models, it increases, at high energies. A useful method to obtain the effective dimension of a space-time is by analysing the diffusion process defined in that spacetime. The dimension found using such a method is known as spectral dimension [2] .
The basic notion of the spectral dimension is as follows. A test particle is allowed to diffuse in the concerned space and by studying the rate at which this particle moves from one point to another, one will be able to measure the effective dimension of the space. For an n-dimensional Euclidean space, the motion of the test particle is governed by the diffusion equation
where L is the generalised Laplacian and U(x, x ; σ) is the heat kernel, which gives the probability density of diffusion of the test particle from x to x during the diffusion time σ. In order to obtain an estimate of spectral dimension one needs to introduce the concept of average return probability, and it is defined in the following manner
where g µν is the metric of the underlying space. Spectral dimension D s is extracted by taking the logarithmic derivative of return probability P(σ), i.e.,
Analysis of spectral dimension plays an important role in investigating the nature of space-time at microscopic level. The study on quantum gravity models such as loop quantum gravity, Causal dynamical triangulation, noncommutative space-time shows that the spectral dimension varies as we move from ultraviolet region to infrared region [4] [5] [6] [7] [8] [9] . Many works along these lines show that, at high energies the spectral dimension converges to two. This feature gives us a hope of setting up a renormalizable model of quantum gravity.
One of the neat ways to capture the structure of space-time at Planck scale is by using the idea of noncommutativity [10] . We are particularly interested in a special case of noncommutative space-time called κ-sapce-time [11, 12] . κ-space-time is defined as a space-time with a Lie algebraic type relation between space-time coordinates, which can be written as
where the deformation parameter has the dimension of length and expected to be of the order of Planck length.
As for other quantum gravity models, the diffusion on this space also shows that the effective dimension is different from the usual topological dimension [6, 7, 13, 14] . Many other interesting aspects of κ-deformed space-time have also been attracting attention in recent times [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
The spectral dimension of (the Wick-rotated) κ-Minkowski space was analyzed numerically in [6] . The trace of the heat kernel was calculated using the Casimir of the κ-Poincare algebra. It was shown that the spectral dimension changes from 3 to 4 as the probe scale increases. In [7] , the spectral dimension was studied using three different forms of κ-deformed Laplacian. For the Laplacian associated with bi-covariant differential calculus on κ-space-time, the spectral dimension decreases from 4 at low energies to 3 at high energies. The diffusion process governed by the bi-crossproduct Casimir of κ-Poincare algebra shows superdiffusion, i.e., the diffused particle experiences more dimension than the usual topological dimension. In the last case, the Laplacian was constructed using the expression for geodesic distance incorporating the notion of relative locality [26] [27] [28] [29] , and it was shown that the spectral dimension diverges to infinity as energy increases. In the above works, return probabilities were calculated using energy-momentum relations written in the momentum space.
In an earlier work [13] , spectral dimensions associated with diffusion processes on κ-deformed Euclidean space were studied, where deformed heat equation was the starting point of the analysis. The deformed Laplacian, which is the Casimir of the undeformed κ-Poincare algebra is used to construct the diffusion equation. The spectral dimension obtained using this shows a length scale dependence. For various possible modified diffusion equations, similar behaviour for spectral dimension was shown in [14] . In [14] , the κ-deformed diffusion equation was constructed using nonrelativistic limit of the κ-deformed Klein-Gordon operator.
In this paper, we calculate the spectral dimension associated with diffusion processes on Wick-rotated κ-Minkowski space-time. Here the modified diffusion equation is constructed using a Beltrami-Laplace operator, different from the one considered in [13] . This Beltrami-Laplace operator is written in terms of commutative coordinates and its derivatives, in the κ-deformed Minkowski space-time. Using Wick's rotation, we obtain the heat equation in the κ-deformed Euclidean space. Then we solve this deformed diffusion equation perturbatively, and obtain the solution valid upto first order terms in the deformation parameter a. This deformed heat kernel is used to calculate the spectral dimension associated with the κ-deformed Euclidean space and it is seen that the spectral dimension diverges in the limit of probe length going to zero (i.e., at UV region).
This paper is organized as follows. In the next section, we summarise the realization of κ-deformed space-time and obtain the form of deformed Laplacian in terms of commutative coordinates. In section 3,
we construct the κ-deformed diffusion equation and calculate the spectral dimension. In the last section, we present our concluding remarks.
UNDEFORMED κ-POINCARE ALGEBRA
In this section, we briefly discuss the realizations of the κ-deformed space-time developed in [15] . Studies of physics on κ-space-time are done either (i) using noncommutative functions defined on noncommutative space-time [30, 31] or (ii) by mapping functions of noncommutative coordinates to functions of commutative coordinates. In [15] , the second approach is developed by constructing a realization of noncommutative space-time coordinates in terms of commutative coordinates x µ and their derivatives ∂ µ .
The coordinates of n-dimensional κ-deformed Minkowski space-time,x µ satisfy eqn.(4). The noncommutative coordinates are expressed in terms of commutative coordinates and their derivatives aŝ
where A = −ia∂ 0 . The commutation relations between the noncommutative coordinates, given in eqn. (4) gives the relation
Here ϕ = dϕ dA . In the limit a → 0, we obtain the boundary conditions.
The requirement that the generators of the symmetry algebra (expressed in terms of the realization given in eqn. (5)) satisfy the same defining relations as the Poincare algebra, results in the modification of the generators [15] [16] [17] . This algebra, known as undeformed κ-Poincare algebra is defined by
Note that the notion of derivative is generalised in the deformed space-time and these deformed derivatives are called Dirac derivatives. The Dirac derivatives are explicitly given by
Different realizations of the undeformed κ-Poincare algebra are obtained by different, allowed choices of ϕ(A) [15, 17] . Different choices for ϕ(A) are equivalent to different choices for the * -products on deformed space-time [32, 33] . In this paper we chose ϕ(A) = e −A . This choice is related to bi-crossproduct basis [34, 35] and used in analysing the modification of central potential in the κ-space-time [18] .
The Casimir of this undeformed κ-Poincare algebra can be expressed as
where
For the realization ϕ(A) = e −A , we expand eqn. (11) in terms of deformation parameter a as
Now by setting x 0 = −ix n , we obtain the Beltrami-Laplace operator in the n-dimensional κ-Euclidean space,
i.e.,
Note that the -operator also reduces to the usual Laplacian in the commutative limit and has been used to analyse the spectral dimension [13] . Expansion of eqn. (12) with ϕ(A) = e −A in the Euclidean space is
Note that, upto first order correction in a, the Casimir and the -operator are identical ( see eqn. (14) and eqn. (15) ).
DEFORMED DIFFUSION EQUATION AND SPECTRAL DIMENSION
In this section, we derive the κ-deformed diffusion equation, using the κ-deformed Beltrami-Laplace operator, which is expressed in terms of ordinary commutative coordinates and their derivatives. The heat kernel is obtained using a perturbative method and using this we calculate the spectral dimension of (the Wick-rotated) κ-Minkowski space-time, valid up to first order in a.
Consider a n-dimensional κ-deformed Euclidean space. The motion of a diffused particle in this space will be governed by the equation
where D µ D µ is the Beltrami-Laplace operator in the κ-Euclidean space. We re-express this Laplacian in terms of commutative coordinates and their derivatives, as given in eqn. (14) .
By restricting our attention to first non-vanishing corrections due to non-commutativity, we rewrite the diffusion equation in the κ-deformed Euclidean space as
Here ∇ 2 n = ∇ 2 n−1 + ∂ 2 n is the Laplacian in n-dimensional space. It is easy to see that if we are considering the first order correction terms only, the -operator also leads to the same diffusion equation as in eqn. (17) . By comparing the above deformed diffusion equation with the usual diffusion equation in Euclidean space, we note that the above equation has an extra term, involving product of temporal and spacial derivatives i.e.,
The heat kernel U(x, x ; σ) is obtained by solving this equation perturbatively, i.e., we start with the ansatz solution as a perturbative series in a (note that the deformation parameter is expected to be of the order of Planck length), given by
Using eqn. (18) in eqn. (17) and equating the terms of same order in a, we solve equation for U perturbatively.
Zeroth order terms in a gives usual heat equation,
The solution of the above equation is
By equating the first order terms in a, we obtain
Substituting the solution for U 0 from eqn. (20) in eqn. (21), and after a straight forward simplification we end up with the equation for U 1 as
the solution satisfying the initial condition
is given by [36] 
Using this, we solve the equation for U 1 (eqn. (22)). The initial condition satisfied by the solution of eqn. (22) is
where X = x − x . With this initial condition, we calculate the first term on RHS of eqn.(25) (defined as U 11 ). Thus we get
where α has the dimensions of L −1 . The second term on RHS of eqn. (25) , U 12 is obtained as
Using eqns. (20, 28) and eqn. (29) we find the heat kernel valid upto first order in a. Using this in eqn. (2), we obtain the return probability as
Keeping upto first non-vanishing terms in a, we obtain the spectral dimension as
After taking the limit to zero, we obtain spectral dimension of the κ-deformed space-time as
Note that, we have an extra term in the expression for spectral dimension due to non-commutative nature of the space-time. The correction term is proportional to
and is also dependent on the initial dimension n.
In the commutative limit (a → 0) the spectral dimension is same as the topological dimension 'n'. Here the integer k arises due to the term tan −1 σ − 1 in eqn. (32) . Limit → 0 gives tan −1 ±∞ which is (2k + 1) π 2 . From the expression for spectral dimension (eqn. (33)), we see that the behaviour of spectral dimension depends on a as well as on k. The behaviour of the spectral dimension for n=4, k=0 and a=1 is shown in fig.(1 For negative values of k, the behaviour of spectral dimension is different from what we observed above.
The plot for spectral dimension with k = −1 is given in fig.(2) and we see that the spectral dimension flows to −∞ at high energies. In the limit of large diffusion parameter, the spectral dimension is same as the topological dimension.
CONCLUSION
In this work, we have constructed the modified diffusion equation for a specific choice of ϕ and calculated the spectral dimension of κ-deformed space-time. The deformed diffusion equation is derived using the modified Beltrami-Laplace operator which is written in terms of commutative coordinates and their derivatives. The effects of noncommutativity are included through the a-dependent terms. Here, the first nonvanishing corrections due to κ-deformation are in the first order in the deformation parameter. From the analysis, we found that the spectral dimension is changing with the probe scale and it is inversely proportional to √ σ. It also depends on an integer k. Here we have seen that, in the small probe scale region, the spectral dimension increases to a value higher than the topological dimension and in the limit σ → 0, D s goes to infinity for k ≥ 0. For k < 0, the spectral dimension decreases from 4 and reduces to −∞ as σ goes to zero. But for the large σ values the spectral dimension approaches to the topological dimension in both the cases.
Behaviour of spectral dimension similar to the k ≥ 0 case, is reported in [7] . In [7] , the spectral dimension was calculated for three different choices of Laplacian in the momentum space. It was shown that the spectral dimension diverges to infinity as the diffusion time approaches zero for the Laplacian derived using the geodesic distance in the κ-momentum space. For the Laplacian associated with the bi-cross product Casimir, the spectral dimension varies from 4 to 6 with energy. In [13] , it was shown that the spectral dimension diverges to −∞ at UV region as it happens here for k < 0.
In [13] , the spectral dimension of κ-deformed Euclidean space with a different realization (ϕ(A) = e − A 2 ) was studied. Here the deformed diffusion equation was constructed using the Casimir of the undeformed κ-Poincare algebra and the first nonvanishing correction terms are found to be second order in deformation parameter a. It was shown that the spectral dimension decreases from the topological dimension with probe scale. It is known that different choices of realization correspond to different * -products [32, 33] and the realization and * -product uniquely chose the vacuum of the theory. Thus, it is natural that the behaviour of spectral dimension is different for the choice ϕ(A) = e −A 2 [13] and ϕ(A) = e A , as we have seen here.
